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Proplem statement and contributions

 FMM ftor kernel matrices given points in high D
 FMM for SPD matrices—no points given

* Four components

- Matrix permutations to expose low-rank structure — O(N)
- Compress blocks — O(N logN)

- Fast Matvec — O(N)
- HPC implementation (MPI async + ARM, x86/KNL, GPUs)




Motivation: Kernel classification

Train:
{z; € RY ¢ %{—1, 1A
{wj}é‘vzl : 23:1 G(xi,x;)w; =c¢;y Vi

Classify: ¢(x) = sign Z;V:l G(z,z;)w;

COVTYPE | SUSY | MNIST2M

h Ec h €Ec h Cc

ow rank f 035 71.6 | 050 657 | 4 95.0
0.22 740|015 72.1| 2 974

0.14 798|009 750| 1 100

full rank * 0.02 954|005 767 | 0.1 99.5
0.001 6.4 | 0.01 64.3 | 0.05 13.6
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Motivation: arbitrary SPD matrices

* Hessian matrix for large scale optimization

* Schur-complement operators for computing
inverse grapnh Laplacians

e Factorization of dense covariance matrices

No available geometry information (i.e., points)
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Two algorithms

o ASKIT: Algebraically Skeletonized Kernel
Independent Treecode

e GOFMM: Geometry Oblivious Fast Multipole
Method



Highlights ASKIT

CFD:12B/3D ~ 700 GB Kernels: 1B/128D ~ 11B
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Highlights GOFMM
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Achieving O(N logaN) complexity

HIERARCHICAL
NYSTROM ENSEMBLE NYSTROM MATRICES



Sparse + low-rank

’ ‘ ‘ Neither sparse
Identity matrix  rank-1 matrix elther spars
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Hierarchical matrices, basic i1dea

[5(11 5(12}
Ko1 Koo

ST, n 0 Ko
1 0 Ko Ko1 0

D+UV
/

D+ UV

O(N*) — O(Nlog N)



Constructing the approximation



ldea |: far-fleld —> low rank — = ...

£

G(z,z;)|= G(z,zw)

r: larget, x;: sources
w;: weights

U\L ) — - Ly Lg )W;

1. compute W =) . w,
2. choose Tw
3. ulz) =~ G(x, xw
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|[dea |II: Near/Far field split
U, = ZG(.’L’@,LEj)’(Uj — Z Gf,;jflUj -+ Z Gijwj

jEnear(z) j€Efar(z)
JF
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ldea lll: recursion
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Challenges in high-dimensions

o Constructing the far-field approximations
 Near-far field decomposition

 No scalable algorithms

* Nystrom method assumes low rank
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Randomized linear algepra — Nystrom method

I PR

- Low-rank decomposition of GG e |

- Random sampling of O(s) points, s: target rank
G~G=GnsGlGsn

- Work Ns + s3

- Error |G — G| <+/1+6N/s05:1(G)
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ASKIT

 Randomized Linear Algebra
o Parallel binary trees

 Nearest neighbors

e Treecode /| FMM

e MPI/OpenMP / SIMD / GPU acceleration

* |nspired by
Ying & B. & Zorin'03

Halko & Martinsson & Tropp'11
Drineas & Kahan & Mahoney'06
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Far-field s-rank approximation
G(CE, in) — G(L‘,S(GK,S)TGS,ZEJ'

e SVD is too expensive — use sampling

o Sample rows
leverage, norm, range-space

* |Interpolative decomposition

o ASKIT: approximate norm adaptive sampling

Cr )

Using nearest-neighbors + adaptive rank selection
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Skeletonization

(c) Sampling distant points.

G, 84)

(d) The resulting skeleton.
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Evaluation
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Evaluation

* ¥
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Complexity and error

e \Work RAM skeletonize evaluate
(d+ k)N N s? dN sk log(<)

- off-diagonal

* Error G — G| <+/1+6N/s log(N/s) Ysi1 Osi1

|G — G| <+/1+6N/s 0s41
* Nystrom Ns -+ g3 diagonal
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Parallel complexity

Points per MPI task n = % Tree depth D = log %

Tree construction < (t5 + ty, ) log®p log N + (t,, logp) (d + k) n
n

Skeletonization < ¢4 ( | logp> 5

S
Evaluation < tsp+ (ty +tf)dksDn
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Summary of ASKIT features

e Binary tree for matrix permutation

* Approximate randomized nearest neighbors
 Nearest neighbors for skeletonization

e Bottom-up recursive low-rank approximation
e Jop-down pass for fast evaluation

 Adaptive sampling and rank selection
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(Gaussian

3D, 1M points

04D/20D intr, 1M points

€9 TS TLET TL TE %K
oE-10 439 5% 7 4 2.1%
oE-00 73 16 1 1 0.6%
28-04 29 19 1 1 0.4%
1E-03 14 19 1 1 0.3%
o0E-03 10 19 1 1 0.2%

€2 Ts Tigr T T %K
9E-06 1068 395 149 260 56%
4F-04 486 o7 11 29  6.2%
oE-03 Y 30 1 9 1.6%
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Kernel acceleration

Data N d
Uniform 1M 64
Covtype 5H00K 54
SUBY 4.5M 18
HIGGS 10.bM 28
BRAIN 10.5M 246

€2
oL-3
SH-2
ok-3
1E-1
ok-3

70K
1.6%
2.7%
0.4 %
11%
0.9%




Nystrom vs ASKIT (8M/784D)

Param h =0.5 h=1

€D T TE €D T TE

r = 1024 >9E-1 63 <1 >9E-1 63 <1

NYSTROM r = 2048 >9E-1 122 <1 >9E-1 120 <1
r = 4090 >9E-1 299 <1 >9E-1 301 <1

r = 8192 mem — — mem — —
k=200 1E-4 220 32 3E-2 154 3l
k=05bl12 3dE-5 243 39 2E-2 181 38
ASKIT k=1024 B5E-6 306 50 2E-2 239 47
k = 2048 9E-7 410 65 &8E-3 370 62
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Kernel regression scaling

OC0000OCBL00000CD

V200 W T - S B A A B A

AI3222 L%‘J.ZZZZZ—J

MNIST dataset for OCR 3%3{:33;%233225

strong scaling, 8M points d=784 Zilioesiiceccet

77F71277 1927177727

¥ 8IS 9T ETEETRE

9792793798949 97 79
+£cores - 512 2,048 4,096 8,192 16,384
Skel. (Alg. 2) 1,295 465 370 300 209
Lists (Alg. 3) 729 177 87 46 23
LET (Eq. 7) 273 136 107 87 71
Eval. (Eq. 14) | 157 67 42 28 23
Total 2,471 862 621 483 394
Efficiency 1.00 0.72 0.50 (.52 0.20
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Kij - K(CE‘i,Ij) — K(ﬁz — fj)

Related work

OO - O L% 5 Gaussian exp(—||z — z;]|?/(2h?))
b oo Laplace |z — x;||°7%, d > 2
° - :
2D & 3D N bOdy | Matern (\/2_1/||a:—acj||)VK,, (V2v|z — z;5]|)
Barnes & Hut, Greengard & Rokhlin, Polynomial (z72; /b + )P
Darve, Hackbush / Novak / Bebendorf Ornstein-Uhlenbeck exp(—cl|z — ;1))
Multiquadratic V2 + ||z — ;|2
° I_l | g h_D Inverse multiquadratic 1/v/c2 + ||z — z;]|2
Griebel, Duraiswami, Vuduc / Gray,
Kondor, Mahoney & Darve
: METHOD MATRIX | LOW-RANK | PERM S
March / Bo / Biros [ASKIT] FMM [10] K (e, 1) EXP | OCTREE | Y
| KIFMM [45 K (xi,x5) EQU OCTIREE. | X
e Purely algebraic BBFMM [15] K (xi.x;)) EQU | OCTREE | Y
: HODLR [3] Kij ALG NONE N
Lieta / STRUMPACK STRUMPACK [38] Kij ALG NONE N
Darve et al / HODLR ASKIT [33] K (x;,%;) ALG TREE | Y
MLPACK [13] K (xi,xj) EQU TREE Y
GOFMM Kij ALG TREE Y




Geometry oblivious FMM

 Permute matrix to expose low-rank structure

 (Geometry-based algorithms: need distance
between Indices |,

e (Gram vectors
distance(i,j) = function(Kii, Kij, Ki)




Geometry oblivious FMM

» Gram vectors (Kis SPD):  K;; = @; - @;
* Distances

Euclidean di — dill5 Ko + K — 205

: i D - Kij”®
Angle S (Hmaumz) | — %ok,
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K02 (#9) K09 (#10) COVTYPE100K (#11) GO3 (#1 2)

Lexucographlc or random (no dlstance defmed) 2 B
© Geometry-Oblivious ~ ®®
€2 @ '“Geometry-Aware----é------g ------- o g g

1E+0

1E-1

Relative Error

sl
m
(&)
&
..
W

Angle [rrrcbeecde

Angle |- - - - ...
Angle |-t
Angle |-

*Random |[---orrermmemmioeeeetees
Kernel |---ooemmmemmseeees
*Random |- e
Kernel |-
b2 12 (1o 10 1) ) M e e ey s
Kernel [«
*Random |-t )
Kernel |- -i--eomeroeeo

Geometric |----------r--vnmnmen
Geometric |-

Geometric |-
Geometric

*Lexicographlc

*Lexicographic |-
*Lexicographic |-t
*Lexicographic |------ormmirmeremmnf et

*Lexicographic and *Random does not use any distance (no sparse correction)
K02 is a 2D regularized inverse Laplacian squared, resembling the Hessian operator of a PDE-constrained optimization problem.
*The Laplacian is discretized using a 5-stencil finite-difference scheme with Dirichlet boundary conditions on a regular grid.
K04-K10 are kernel matrices in six dimensions (Gaussians, Laplacian, Green'’s function, polynomial and cosine-similarity).
G01-GO05 are the inverse graph Laplacian of five graphs from UFL.



GOFMM vs Others

L HODLR

STRUMPACK

GOFMM

o Comp B

2.7 | 1IE—-4

O 7
0.9
0.7

12.9

2.7 | 1IE—4 5078

3.1 | 2E—4 528.4

9.7 | 3E—2

2.7 | 2E—4  18.8
862.2 37.6 | 2E—1

663.4
29.8

78

8.2 |

0.3

8.2

Led




GOFMM vs Others

Parameters ASKIT GOFMM

_ eo Comp Eval es Comp Eval
2E—4 0.3 2E-2 | 2E—-4 0.6 2E-2
8E—7 1.4 4E-2 | 7TE-7 1.0 3E-2
2E—4 1.0 4E-2 | 2E—4 1.2 4E-2
TE—7 2.2 8E—-2 | 6E-7 1.7 4E-2
AE-2 6.6 6E-2|3E-2 3.3 4E-2|
2E—2 7.4 6E—2 | 3E-2 4.8 5E-2
4F—2 11.1 1E-1 | 4E-2 5.7 8E-2
5E-2 12.0 1E-1 | 4E-2 7.7 9E-2




summary

 ASKIT for arbitrary dimension FMM using
geometry

 (Geometry Oblivious Fast Multipole Method for
sketching dense SPD matrices; Gram distances
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